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S271 Discovering physics: 


Experimental errors 


Study comment 


In the experiments you perform in S271, you are expected to analyse the un- 
certainties associated with your results. This booklet, which is a revised extract 
from The Handling of Experimental Data which accompanies the Science 
Foundation Course, discusses error analysis at the level of complexity appropriate 
to S271. If the techniques are familiar to you, the booklet will help you to revise 
your understanding: iferror analysis is new to you, it is important that you become 
familiar with the booklet’s contents and use the techniques in your experimental 
work. To help you to decide whether your need for this booklet is urgent, it starts 
with a short self-diagnosis test. You will find it helpful to have this booklet with 
you at Summer School. 
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1 Self-diagnosis test 
The answers to these questions appear in Section 10 of the booklet. 


Question! In six identical experiments to find the magnitude of the acceleration 
due to gravity, the following results are obtained; 10.4ms~?, 10.5ms~2, 
10.3 ms~?, 10.4ms~* and 10.6ms~?. Estimate the random and systematic errors 
associated with this experiment. You may assume that the correct value of g (to 
two significant figures) is 9.8ms~?. 


Question2 An experimenter is using a balance that gives a reading that is accurate 
to the nearest 0.1 mg. He records the mass of a certain crystal to be 17.4 mg. How 
should he quote the result of this mass determination? 


Question 3 The mean number of births occurring each day in a certain hospital 
is 49. Assuming that births are equally likely at any time, estimate the typical 
range through which the actual numbers of births each day varies. 


Question 4 (a) Given that v = f4, what is the value of v if f = 2.0 + 0.1 kHz 
and 4=0.15 + 0.02m? 


(b) Given that x= l— lọ, what is the value of x if l= 1.10 + 0.02m and 
lọ = 1.01 + 0.02 m? 


(c) Given that a= mv?/r, what is the value of a if m=10+0.1kg, 
v = 100 + 4ms™~! and r = 200 + 10m? 


Question 5 The mass of a flask and its contents M is measured as a function of 
the volume V of liquid in the flask. The results are given below. Plot a graph of 
M against V. Assuming that M and V are related by the equation 
M = Mo + pV, find, from the graph, the values of Mọ and p. 


Mass of the 

flask and its 330+ 20 480420 660420 850+20 1010+ 20 
contents M/g 

Volume of 

the liquid 200+ 20 400+20 600+20 800+20 1000+20 
V/cm? 


2 Introduction 


When scientists present the results of experimental measurements, they practically 
always specify a possible ‘error’ associated with the quoted results. Used in this 
context the word ‘error’ has a very specific meaning. It does not mean that the 
scientist made a mistake when doing the experiment; what it does mean is that— 
because of the inherent limitations of his equipment or of his measurement 
techniques—there will be some uncertainty associated with his final result. This 
uncertainty or ‘error’ (the terms are synonymous) conveys very significant 
information about the experiment and result obtained, and throughout this Course 
you will be expected to assess the errors in experiments that you perform. You will 
then be asked to quote your result together with your assessment of how much 
bigger and how much smaller it could possibly be, while still remaining consistent 
with the experiment you have performed. Such a result is usually then expressed in 
the form (50 + 3) seconds, for example, and this is read as ‘50 plus or minus 3 
seconds’. This means that your best estimate of the result is 50 seconds, but it could 
be as low as 47 seconds or as high as 53 seconds—you’re uncertain by this amount. 
In the next Section, we shall discuss various types and sources of error, but first we 
shall give a couple of examples to illustrate why errors are so important. 


(a) A physicist predicts that about 7.0 MeV of energy will be released in a certain 
nuclear reaction. When the experiment is carried out, he finds that 6.5 MeV are 
released. Does the experiment disprove his theory? 


Not necessarily; we have to ask what are the errors in the experiment. If the error 
was + 1.0 MeV, then theory and experiment would be quite consistent, but if the 
error was only +0.1 MeV, then the theory should be called into question. 


(b) Two experimenters measure the period of a pendulum. One quotes the result 
as (2.04 + 0.03)s and the other as (1.94 + 0.08)s. In which result would you have 
most confidence? Obviously, the first. The quoted error is less than half that 
obtained by the second experimenter, which indicates a more careful measure- 
ment. We assume of course that the errors quoted are realistic! 
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How do errors arise? 


Errors, or uncertainties, in experimental results occur for a variety of reasons; 
we shall briefly summarize some of the possibilities here. 


(a) Mistakes! First, let us dispose with human errors that are just silly blun- 
ders: misreading a scale, adding up the weights on a scale wrongly, recording a 
number wrongly, or making a mistake in a calculation. These are not really errors 
in the scientific sense at all. The best advice we can give you is ‘don’t make them’! 
Fortunately, mistakes like this generally show up if the measurements are 
repeated, and certainly all of them can be avoided by taking more care. 


(b) Human errors There are human errors of a different kind, which are a 
reflection of the skill of the experimenter. For instance, parallax errors (Figure 1) 
can be counted in this class, as can the errors introduced by misaligning a measur- 
ing instrument or simply not setting it up as accurately as is possible. In general, 
all of these improve as one becomes more experienced at experimental work. Also 
modern instruments are designed to minimize such errors—for instance, meters 
with digital read-out are now replacing ones with a needle and scale. 


(c) Instrumental limitations All measuring instruments have their limitations. 
Some are obvious, as in the case of some cheap wooden rulers, where one can see 
by eye that the divisions are not equally spaced. Others are not so apparent, but 
even the most expensive and sophisticated instrument will only be capable of 
measuring to a certain accuracy, and this is generally specified by its manufac- 
turer. The manufacturer may also say that the specified accuracy will only be 
obtained under certain conditions; for example, a metal ruler may be calibrated at 
20°C, so that it becomes less accurate as the temperature deviates from 20°C, 
owing to the expansion or contraction of the metal. However, the accuracy of the 
calibration of an instrument apart, there are generally limitations associated with 
the accuracy with which an observer can read a result. With a digital instrument, a 
reading accuracy of +4 of the least significant digit is the best that can be achieved. 
For an instrument with a scale and pointer, the reading accuracy will be determined 
partly by the fineness of the scale divisions, and partly by how well the observer 
can interpolate between scale divisions. Another important source of instrumental 
error arises from imperfect instruments, for example, friction in the balancing 
mechanism of a scale. 


(d) Errors caused by the act of observations For example; connecting a pressure 
gauge to a tyre causes a small drop in the pressure, and a hot liquid cools 
slightly when a cold thermometer is immersed in it. 


(e) Errors caused by extraneous influences A variety of unwanted effects can 
cause errors in experiments. Draughts can lead to errors when weighing with a 
sensitive balance, while changes of temperature can lead to errors in many different 
experiments. Attempts should always be made to eliminate the effects, or at least 
to reduce them. 


There are two more categories of error that we wish to discuss but, before we do 
so, let us make a few observations about measurements themselves. In general, 
measurements tend to fall into one of two categories. The first category is that 
where the quantity we are trying to measure has a well defined value. The aim is to 
find this value as precisely as possible. For example, measuring the length of a 
table, or the dimensions of a window pane, measuring the duration of the first 
S271 TV programme, or measuring the mass of this booklet all fall into this 
category. On the other hand, quite a number of measurements attempt to quantify 
something that is not fixed. For instance, measuring the diameter of the Moon 
requires that the Moon be a perfect sphere. (Only then can we know what is meant 
by the term diameter.) Yet even though the Moon is not a perfect sphere, we insist 
on measuring its diameter. Of course, what we are really attempting to measure is 
its mean or average diameter—the diameter it would have ifit were a perfect sphere. 
Furthermore, this can be very useful information, since deviations from this 
average value (provided that they are larger than any deviations due to the 
measuring techniques) can tell us something about the real shape of the Moon. 
Similarly the lifetimes of sub-atomic particles of a particular unstable type (e.g. 
m* mesons) vary because the decay process is random in time. So, if we wanted to 
quote a value for the lifetime of such particles, the best we can do is to measure 
the lifetimes of a large number of the particles and quote the mean value. 


Now, measurements that are attempting to find the mean value of some quantity 
are subject to two other sorts of error: errors due to statistical fluctuations, and 
errors due to unrepresentative samples. 


(f) Errors due to statistical fluctuations When we make measurements on a 
sample drawn from a large population, and try to deduce average properties of 
the population from these measurements, then we are likely to introduce errors. 
For example, suppose we measured the lifetimes of 10 sub-atomic particles of 
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Figure 1 Parallax errors arising in the 
measurement of the length of an object. 
The apparent length, /, in this case, is 
shorter than the real length, l,, which 
would be measured if the ruler was 
placed in contact with the object. 


type A. We would find a range of values for the lifetime and could calculate the 
mean. If we repeated the experiment with another sample of 10 type A particles, the 
average decay time would most likely be different. So, although measurements on 
a sample of 10 particles give us an estimate of what the average lifetime of all type 
A particles is, it cannot be a precise result—there must be some uncertainty, some 
error associated with the fact that we have only taken a limited sample. As you 
might expect, the error in the estimate of the mean lifetime gets smaller as the size 
of the sample grows, but there will always be some statistical uncertainty as long 
as we are only measuring a selection from the complete population. 


(g) Errors due to use of unrepresentative samples It is essential, when using a 
sample of measurements to deduce properties of a larger population, that the 
sample chosen is typical of the complete population. If we wanted to know the 
average lifetime of all type A particles, then it would be a mistake to only measure 
those particles which have lived long enough to have left long and well-defined 
tracks in the bubble chamber. 


Estimating the size of errors 


Often one of the most difficult parts of an experiment is the estimation of the size 
of the errors involved. Obviously, no two experiments are exactly alike, so it is 
impossible to give hard and fast rules about how this should be done. However, 


we shall suggest an approach to this problem which you can use in most 
circumstances. 


Is the result reproducible? 


The first thing to ascertain is whether a measured value is reproducible. Usually, 
you should not be satisfied with a single measurement: repeat the measurement 
several times if possible. And, usually, you should reset the measuring instrument 
each time. If you are measuring the length of a rod, remove the ruler, reposition it, 
and read off the length again. When measuring the mean diameter of a wire with a 
screw-gauge, remove the gauge and reposition it to a different point on the cir- 
cumference of the wire before taking another measurement. 


If the result is not reproducible ... random errors 


In most cases (though not all), you will find that repeating measurements pro- 
duces different results. This is because of random variations in the way that 
measuring instruments are set up; random variations in the way one interpolates 
the scale of an instrument; random variations in the quantity actually being 
measured; and so on. All measurements are subject to such random errors. The 
random error associated with any measurement determines the variability of the 
results, and the questions to ask are then: what is the best value of the quantity 
measured, and how do we deduce an error from the variability? 


As an example, consider an experiment in which we measure the rate of flow of 
water from a tap. We shall assume that five measurements are made, and the 
volumes collected in four minutes are measured as: 


436.5 cm? 437.5 cm? 435.9 cm? 436.2 cm? 436.9 cm? 


Assuming that there is nothing to choose between these measurements (i.e. they 
were all taken with the same care and skill, and with the same measuring instru- 
ments), then the best estimate of the water volume is the average, or mean, value, 
of the five readings. If we represent the volume by V, then we usually represent the 
average volume by V. The bar over the V just means ‘average value’, and V can 
just be read as ‘the average value of V’. So the best estimate of the volume is: 


i (436.5 + 437.5 + 435.9 + 436.2 + 436.9) cm? 
5 


= 436.6 cm? 


Now, what error should we associate with this value? The measurements are 
spread out between 435.9 cm? and 437.5 cm?°, which is from (436.6 — 0.7)cm? to 
(436.6 + 0.9)cm?. If we average the negative and positive deviations, then we can 
say that the spread is about +0.8 cm>. However, the volume is unlikely to lie right 
at the ends of this spread, so quoting an error of +0.8cm? would be unduly 
pessimistic. As a rough rule of thumb, we generally take the error as about 2/3 of 
the spread, so in this case the error is about +0.5cm>. Note that this is only a 
rough rule of thumb, and it still overestimates the error in the mean value, 
particularly when a large number of measurements are taken. However, this simple 
procedure is perfectly adequate in S271 and we recommend its use. 


Obviously if one reading were very different from all of the others, then a deter- 
mination of the likely error from the spread would be misleadingly pessimistic. 
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Common sense would suggest that the odd reading is ignored when calculating the 
mean and the error, and possibly that a few more measurements are taken. For 
example, if the last reading for the volume were 432.9 cm? rather than 436.9 cm3, 
then it would be wise to ignore it. 


In the example we have discussed, the variability in the measured values of V could 
arise from the combination of a number of factors. These include actual variations 
in the flow rate, errors in timing four minutes, inserting and removing the beaker 
to collect the water too early or too late, and inaccuracies in measuring the volume 
collected. The beauty of repeating the measurements is that we get an overall 
measure of the random errors involved, and it isn’t necessary to assess the 
individual contributions. 


If the result is reproducible ... 


You will find when repeating some experimental measurements that you record 
exactly the same result each time. Does this then mean that there is no error 
associated with the measurement? In most cases, it certainly does not. To take a 
simple example again, assume that the results of measuring the length of a bar five 
times were: 


73mm 73mm 73mm 73mm 73mm 


i.e. five identical readings. Here we can deduce the error from the number of 
significant figures recorded. By writing down 73mm, the experimenter is im- 
plicitly recording that the length is closer to 73mm than it is to 72mm or to 
74mm, or that the length lies between 72.5 mm and 73.5 mm. The error is therefore 
+0.5mm, and the result should be quoted as (73 + 0.5)mm. Of course, this un- 
certainty has resulted from the limitations of his measuring equipment. This is a 
lesson you should take to heart. One of the first things you should do when you 
use a piece of equipment is assess the inherent limitations of the equipment itself. 


Naturally, in situations such as this, where identical readings are obtained, it is 
particularly important to make sure that you are reading the instrument as 
precisely as possible. With the scale shown in Figure 2a, the quoted results are the 
best that can be expected. However, the scale shown in Figure 2b can be read 
more accurately—a value of 72.8mm could be recorded in this case. A set of 
repeated measurements might then show some variability from which the likely 
error could be deduced. Of course, if repeated measurements all came up with the 
result 72.8 mm, then we would have to conclude that the error was +0.05mm. 


Systematic errors 


It is fairly easy to assess the size of the random errors that we have been discus- 
sing. Averaging a number of readings tends to cancel out the effects of such errors, 
and the spread of the readings allows us to estimate the size of the random errors 
involved. Unfortunately there are other types of error—known as systematic 
errors—the effects of which are much more difficult to assess. Systematic errors 
are errors that systematically shift the measurements in one direction away from 
the true value. Thus repeated readings do not show up the presence of systematic 
errors, and no amount of averaging will reduce their effects. Both systematic and 
random errors are often present in the same measurement, and the different effects 
they have are contrasted in Figure 3. 


Many systematic errors arise from the measuring instrument used. For example, a 
meter rule may in fact be 1.005 m long, so that all measurements made with it are 
systematically 4 per cent too short. Or the rule may have 0.1 mm worn from one 
end, so that all lengths measured systematically appear 0.1 mm longer than they 
are. Systematic errors like these in instruments can often only be discovered and 
estimated by comparison with a more accurate and reliable instrument, and this 
should be done wherever possible. If this is done, the effects of these errors can be 
eliminated by correcting the measured results. 


The experimenter himself may introduce systematic errors into an experiment. In 
timing ten swings of a pendulum he might tend to start the stopwatch late and 
stop it too early, so that the measured period is too short. Such errors can best be 
detected by changing the way in which the experiment is done: the timing error 
would show up if, for example, twenty swings of the pendulum were also timed. 


Systematic errors can also arise for the reasons noted in Section 3(d), (e) and (g). 
These errors are associated with the observation affecting the measurement, with 
extraneous influences affecting the measurement, and with unrepresentative 
samples. In general, extra experiments are needed to check for the presence of 
such errors. 
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Figure 2 The scale in (a) can be read to 


the nearest 1 mm, but the scale in (b) to 
the nearest 0.1 mm. 
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Figure 3 (a) Random errors alone lead 
to a spread of measurements about the 
true value. 

(b) Systematic errors lead to a 
displacement of the measurements, and 
when random errors are present as well, 
the measurements are not spread about 
the true value. 


Errors in the counting of randomly occurring events 


In Section 3, your attention was drawn to the error that resulted from calculating 
a mean value for a quantity when only a sample of the whole population was 
considered. There, we quoted the example of the lifetime of a sub-atomic particle: a 
more familiar example might be the estimation of the mean height of twelve- 
year-old children in a city from a random sample of just 100 such children in 
the city. 


The problem we shall discuss in this Section is of estimating the error that is likely 
to arise from such sampling procedures. In one type of experiment, which you will 
meet in various guises at Summer School, the error due to sampling is easy to 
assess. 


A good example is an experiment that involves the determination of the number of 
nuclei decaying each minute in a radioactive pellet. Suppose that you observed 107 
decays in the first minute. How many would you observe in the second minute? 
You might expect to record the same number, 107, but that is unlikely since each 
decay is an event occurring at a random time, and therefore there is no reason to 
expect the total number of such random events in a given period to be constant. 
However, it would be quite reasonable to expect that in a pellet containing a large 
number of nuclei, the statistical effects would partially cancel each other out and 
that the number of decays in each minute would be about the same. In fact, if you 
performed the experiment 1000 times you might well find that the number of decays 
per minute varied as in Figure 4a. 
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Figure 4 (a) A histogram showing how often a particular number of radioactive decays (between 74 


and 129) occurred in 1000 counting periods of 1 minute. 


(b) The result of a very large number of identical experiments to determine the number of times a 
randomly occurring event takes place in a given period of time. The mean n is at the peak of the 


distribution and 68 per cent of all the readings are within +/n of this mean. 
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The mean result of the 1000 experiments is given by the peak, the most common 
result, i.e. 100 decays per minute. But, the distribution shows that counts as high 
as 110 and as low as 90 occur with reasonable frequency. Looking at the dis- 
tribution with a view to performing only one experiment, one counting period of a 
minute, it is apparent that the result recorded might be expected to differ from the 
mean by +10, and therefore without a knowledge of the distribution, the un- 
certainty in the mean, as found from one counting period, is +10. It is not a 
coincidence that this error of 10 is equal to the square root of the number of 
counts, approximately 100. You will understand the basis of this simple error 
calculation shortly. 


Imagine that a determination is made of the number of times a randomly occurring 
event takes place in a given period of time and that the experiment is repeated 
over and over again. Irrespective of the nature of the event, whether it be a radio- 
active decay or a photon entering a detector, the distribution of results will tend, 
as the number of experiments increases, to the curve shown in Figure 4b. Of course, 
the peak of the distribution occurs at the mean number n of events in the given 
period. More interestingly in the present context, it is always the case that, in this 
distribution found from performing numerous experiments, 68 per cent of the 
counts lie within + ./n of the mean. For example, if the mean is 100 counts, 68 per 
cent of the experiments will produce a result between 90 and 110 counts. Or, if the 
mean is 900 counts, the corresponding values defining the width of the distribution 
are 870 and 930. It follows from this argument that we can easily identify the 
uncertainty or error associated with a single counting experiment. 


Ifthe number of randomly occurring events counted in a given period 
is N, the uncertainty in this count (i.e. the likely difference between N 
and the mean that would be found from repeated experiments) is JN ; 


You may have noticed already that this rule points to the desirability of counting 
over a long period, i.e. taking a large sample. Increasing the number of counts 
reduces the fractional error, i.e. 


error JN 1 


fractional error = = 


value N JN 


Unfortunately, the rate at which the fractional error falls with increasing N is 
frustratingly slow; for example, to reduce the fractional error by a factor of 10, the 
number of counts must be increased by a factor of 100. Of course that means 
waiting for 100 times as long to obtain the result. One of the skills every experi- 
mentalist must learn is that of balancing the time invested in an experiment against 
the accuracy of the result. 


Combining errors 


In the majority of experiments, there is more than one source of error. For 
instance, several random and systematic errors may be present in measurements 
of a single quantity. Furthermore, it is quite likely that a number of measurements 
of different quantities (each of which has an error associated with it) will have to be 
combined to calculate the required result. So it is important to know how errors 
are combined to get the overall error in an experiment. 


Since we do not want to get involved here with statistical theories, we shall not 
prove the various results that will be presented. However, we shall make some 
attempts to justify that they are reasonable. Our only objective here is that you 
should be able to use the appropriate result in various experimental situations 
that you meet. 


Combining errors in a single quantity 


We have already stressed the need to make a series of measurements in order to 
determine the random errors involved in an experiment. But there may also be 
one, or more, systematic errors involved, which will contribute to the overall error 
in the experiment. 


It is important here to distinguish between systematic errors that you can measure 
and allow for—and which, therefore, will not contribute to the error in the final 
result—and systematic errors for which you can only say that they are ‘likely to be 
+x’. For example, in the water flow experiment discussed in Section 4, the two 
different kinds of systematic error could occur in timing the four-minute interval. 
It could be that the stopwatch runs slow; comparing it with the telephone talking 
clock might show that it lost 10s every hour, which is equivalent to (10/15)s in 
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240s (i.e. 4 minutes). To allow for this error, we would multiply the volumes 
collected by the factor (240-10/15)/240, and this would mean that the slow 
running of the watch did not contribute an error to the final answer. The calibra- 
tion procedure eliminates the error. However, we might have a tendency to start 
or stop the stop watch too early or too late each time. We don’t know that such a 
systematic error is present, but it is certainly possible. A reasonable estimate for 
the possible size of such an error is +0.2s—anything longer would probably 
be detected. This error of +0.2s in 240s, or +1 part in 1200, would lead to 
an error of +1 part in 1200 in the volume of water collected. As the average 
volume of water collected was 436.6cm°, this would lead to an error of 
+436.6cm?/1 200 = +0.4cm?. 


So the difference between these two types of systematic error is that we know that 
one is definitely present, and we can measure and correct for its effect, whereas the 
other may or may not be present, and we can only make an educated guess at its 
possible magnitude. Essentially, once we have identified, measured and corrected 
for the first type of error, it ceases to be a source of error in the final result. 


Returning to the problem of combining errors, how do we combine a systematic 
error of +0.4 cm? arising from the timing with a random error in the volume of 
water collected of +0.5 cm?? The obvious answer would seem to be to add them 
directly to get a total error of 0.5 cm? + 0.4cm? = 0.9 cm?, but this is really being 
unduly pessimistic. Since the random error and the systematic error are entirely 
independent, it is highly unlikely (though possible, of course) that both errors will 
have their maximum positive error or their maximum negative error. There will 
generally be a partial cancellation, and this should be allowed for. The rule for 
combining two independent errors in the same quantity, and we stress that it only 
applies if the errors are independent, is: 


E = ,/(e7 + e3) (1) 


where E is the overall error, and e,, e, are the individual errors that are to be 
combined. Thus, in the water-flow example, 


E = \/(0.5cm?)? + (0.4cm?)? 
= ,/0.25cm® + 0.16cm® 
2 foara 
= 0.6 cm? 


This is obviously larger than either of the contributing errors, but considerably 
smaller than their sum. 


If more than two errors are involved, the method is still the same in principle. 
Suppose that we think that there may be a systematic error of +0.3cm? in 
measuring the volume of water collected. Then the overall error is: 


E=,/(0.5cm3)? + (0.4cm?)? + (0.3 cm°})? 
= 0.7 cm? 


which is, again, larger than the individual errors, but smaller than their sum. 


When errors are not independent, they are much more difficult to deal with, 
unless the form of the dependence is known precisely. Because of their depen- 
dence, a large positive error from one source may always result in a large negative 
error from another source, thus causing cancellation and an overall error that is 
much smaller than the individual errors. Or, alternatively, a positive error may 
always result in a positive error, so that the overall error is more like the sum of 
the individual errors. No simple rules can be given for dealing with dependent 
errors, and we only expect you to be aware of this problem. 


To summarize: 


independent errors e;, €2, €3, ... in a measured quantity will give 
rise to an overall error E given by: 


E=/(e? tetet...) (2) 


Combining errors in sums, differences, products, ratios and powers 


In the last Section, we were concerned with combining errors in a single measured 
quantity to find the total error in that quantity. Often, however, the aim of an 
experiment is to evaluate something that depends on several measured quantities, 
each of which has its own total error. In this Section, we simply state the rules that 
apply to various combinations of quantities and provide a few examples of how 
to use them. 
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As an example, suppose that you want to know the difference in temperature of 
something before and after some event has occurred, i.e. you may want to evaluate 
T = T, — T, having measured T, and T, independently. How is the error in T 
related to the overall errors in T, and T,? 


You simply select the appropriate equation from the set below, which gives the 
basic rules that apply in such situations. For the difference in two quantities, you 
would use equation 3. 


Assuming that independent measurements A and B, which have total 


errors AA and AB associated with them, are combined to give the result 
X, which has error AX then: 


if xX =A+B 
or X=A-—B 


—> AX = ,/(AA)? + (AB? (3) 


(notice that only a plus sign appears in the expression for AX because 
errors in A and B increase AX regardless of whether X is the sum of 
or difference in A and B.) 


if X= AB\| AX AA\? [ABẸ 
w= a (4) 
or X = 4A/B| X A B 
AX AA 
fx =e SS (5) 
X A 


If a constant k, which has no error associated with it, is involved, then: 


if X =kA—> AX =kAA (6) 
AX AA 

but also —- = — (7) 
X A 


(so the constant has no effect on the fractional error) 


if X=kA+B 
— AX = kAA)* AB)? 
* Se, (KAA + (AB G8) 
if xX =kAB AX AA \? AB \? 
a + (9) 
of X =kA/B x A B 
AX AA 
ra es (10) 
24 A 


When more than two quantities are involved, the equations are extended 
in a straightforward way: 


FX=AFB CFD -= 
AX = ,/(AA)? + (ABF + (AC)? + (AD)? -~ (11) 


(notice again that only plus signs appear under the square root) 


AxB 
CxD 


STEATE o 


(again note that only plus signs appear under the square root) 


— 


Ifx = 


Note that percentage errors can be used in place of fractional errors in the 
equations above. Take equation 4, for example. The percentage error in X is 
related to the fractional error AX/X in the following way: 


z AX 
percentage error in X = x x 100 
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this is just the definition of a percentage. So: 
percentage error in X 


AX 
= — x 100 


-o ETE 
-ETE 
- [ooy 


= J (percentage error in A)? + (percentage error in B)? 


You are not expected to understand the statistical theory that leads to these results. 
You should regard them as recipes, refer to them, and apply them, as necessary 
during this Course. The numerical examples which follow will illustrate how the 
rules should be applied. 

Example 1 


The temperature in a room before a heater is switched on is (16.2 + 0.4) °C, and 
one hour after the heater is switched on is (22.7 + 0.4) °C. What is the temperature 
rise T? 


T =(T, — Tl) + AT 
= (22.7 — 16.2)°C + AT 
=6.5°C +AT 


Since we need to find the error in the difference between two quantities, we again 
use equation 3 in the box: 


AT = ,/(AT,)? + (ATh)? 
= ,/(0.4°C)* + (0.4°C)} 
= 0.6°C 
So we can quote the temperature difference as: 
T = (6.5 + 0.6)°C 


Example 2 


The speed v of a train is measured as (80 + 5)kmhr™* over a measured time t of 
(0.20 + 0.02) hours. What distance x does the train travel in this time? 


Distance x = speed v x time t 
= (80kmhr™* x 0.20hr) + Ax 
= 16km + Ax 


In this case, we are using a product of two quantities to calculate the distance, so 
the error Ax must be calculated from equation 4 in the box: 


Ax 5 (2) 
= + 
x v t 
Ax = 2 F (ee) 
16km  \\80kmhr~! 0.20 hr 
= 4/39 x 107° + 107? 
= 0.12 


Ax = 0.12 x 16km ~2km 
The result is, therefore: x = (16 + 2)km 


Comment When dealing with products (and with ratios and powers), fractional 
errors are used—we cannot use the same expression as for sums and differences. 
Lets see what would happen if we were to try. 


Suppose Ax = ,/(Av)? + (At)? 
i.e. Ax = \/(5kmhr~!)? + (0.02 hr)? 


The first problem is that this equation is dimensionally crazy: km on the left, and 
a mixture of (kmhr~‘)? and hr? to be added under the square root sign! This 
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[WRONG] 


alone indicates that the equation is wrong. But suppose we (unwisely) forgot 
about the units in the equation, and wrote: 


Ax? = 5? + 0.02? 
= 25 + 0.0004 
The error in the time would then make a completely negligible contribution, in 
spite of the fact that it is much larger than the speed error when expressed as a 
fraction. 
Example 3 
The diameter of a sphere is measured to be (7.2 + 0.5)cm. What is its volume? 
nd? 
Volume of a sphere, V = es 
= 1.95 x 10? cm? 
Using equation 10 in the box, 


AV _ 3Ad 3x 0.5cm 
V d 7.2 cm 


AV = 0.21 x (1.95 x 10? cm?) = 41cm? 


= 0.21 


So the volume is: 
V = (2.0 + 0.4) x 10? cm? 


Comment The fractional error in the volume is three times larger than the frac- 
tional error in the measured diameter. Because errors increase so rapidly when 
powers are taken, you should always take particular care to reduce errors when 
measuring quantities that will be raised to some power. Note also that it would be 
wrong to reason that since: 


V=5xdxdxd 


AV _ (= EE (2 a 
V d d d 
Ad 
= 
d 
The equation for the error in a product cannot be used in this case, because the 


three terms that have to be multiplied are exactly the same—and therefore cer- 
tainly not independent. 


then 


[WRONG] 


Miscellaneous tips about errors 


Don’t worry about errors in the errors! Errors, by their very nature, cannot be 
precisely quantified. So a statement like I = (2.732 + 0.312) m is rather silly, and 
the result should be quoted as l = (2.7 + 0.3) m. As a general rule: 


Errors should usually be quoted only to one significant figure; two 


significant figures are sometimes justified, particularly if the first 
figure is a 1. 


You should bear this in mind when trying to assess the magnitude of errors, and 
when doing calculations involving errors. Don’t be concerned about 30 per cent 
errors in your errors—they really don’t matter. 


Neglecting smallerrors The total error ina result may be a combination of several 
contributing errors, and these contributing errors may have widely varying sizes. 
But, because the errors (or fractional errors) combine as the sum of the squares, 
as a general rule: 


When calculating errors in sums and differences, ignore any errors that 
are less than 1/3 of the largest error, and when calculating errors in 


products and ratios, ignore any fractional error that is less than 1/3 of 
the largest error. 
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Concentrate on reducing the dominant errors As we have just shown, the largest 
errors will dominate the error in the final result, and small errors can often be 
neglected. It is therefore, very important when doing experiments not to waste a 
lot of time reducing small errors when much larger errors are also present. 


Find out as early as possible in an experiment what the dominant 
errors are, and then concentrate your time and effort on reducing 
them. 


Take care when differences and powers are involved Suppose that you measure 
two angles in an experiment, 0, = (73 + 3) degrees and 0, = (65 + 3) degrees, 
and calculate the difference, i.e. 0 = 0, — 0, = 8 degrees. The error is: 


A0 = \/(A0,)? + (Adz)? 


= ,/3? + 3? = 4 degrees 


So 6 = (8 + 4) degrees. This is a 50 per cent error compared with only about 
4 per cent in the individual measurements! 


On the other hand, suppose you measure an edge of a cube as | = (6.0 + 0.5)mm, 
and then calculate the volume: V = 36 mm°. The error is given by: 


AV 3Al 3x05 
V l 6 


The fractional error in the volume is three times greater than in the length 
measurement. As a general rule: 


If calculating the result of an experiment involves taking the differ- 
ence between two nearly equal measured quantities, or taking the 


power of a measured quantity, then pay particular attention to reduc- 
ing the errors in those quantities. 


Showing likely errors on graphs 


When reporting experimental results, it is important to indicate the likely errors, 
or confidence limits, in any measured quantity. The most difficult part of this 
procedure is actually assessing how large the error in a measurement could be, and 
this problem was discussed in Sections 3 and 4. However, once an error has been 
estimated, it is straightforward to represent it on a graph. For example, suppose 
you measure the extension e of a wire when various masses are hung from it, and 
find that a Skg mass produces an extension of 0.2mm and 10kg produces an 
extension of 0.5 mm. You estimate that the uncertainty in measuring the extension 
is +0.05 mm and the uncertainty in the masses is + 0.6 kg. The correct way to plot 
these results is shown in Figure 5. The circled points indicate the measured values. 


0.6== sewage cgustaessstserssrasz fersairsrsstestsstastessesrestiereteeert 
g 0.45- + 4 H + seas 
E 
Eo 
c ABESE: È + 
2 F Sepesi: a 
£ HERET 
o i t 
2 i 
o 0.24 eustaneen’ nent RHEA 

0+4 T T 

0 5 10 


mass m/ kg 


Figure 5 Vertical and horizontal error bars. The horizontal error bars indicate an error 
of +0.6kg. 
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The uncertainty in each extension is indicated by a vertical error bar which extends 
0.05 above and below the circled point, whilst the mass uncertainty is indicated by 
horizontal error bars which extend 0.6 on either side of the plotted mass value. 


Plotting error bars is slightly more complicated if you are not plotting a measured 
quantity x directly, but are plotting x”, x°, sin x, etc. 


We shall illustrate the procedure by taking as an example an experiment in which 
the speed v of a falling ball is measured after it has dropped through various 
distances s. Results of the experiment are tabulated in the first two columns of 
Table 1 and we shall assume that the possible error in the speeds is +0.5ms~! 
and the possible error in the distances is +0.2 m. 


? 


TABLE 1 Data on a falling ball 


A B Cc D E F G 
distance speed v? s+As s—As (v+Av)? (v—Av)? 
s/m vims-' (ms_')? m m (ms~*)?  (ms_1)? 
1.0 4.4 19.3 1.2 0.8 24.0 15.2 
2.0 6.0 36.0 22 1.8 42.3 30.3 
3.0 7.9 62.4 32 2.8 70.6 54.8 
4.0 8.7 TSF 4.2 3.8 84.6 67.2 
5.0 9.7 94.1 5.2 48 104.0 84.6 
6.0 11.1 123.2 6.2 5.8 134.6 112.4 
T v2/(ms~!)2 
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Figure 6 A graph of the results in Table 1, showing the error bars for v? and for s. 
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Suppose that we have already discovered, by plotting various graphs, that v? is 
proportional to s. Using the data in columns A and C of Table 1 we get the plot 
shown by the circled points in Figure 6. Working out the error bars on s is 
straightforward—we simply work out s + As and s — As (columns D and E in 
Table 1), plot both against v”, and draw the error bar between them. To produce 
the error bars on v?, we work out (v + Av)? and (v — Av)? (as shown in columns F 
and G of Table 1), plot them against s, and draw the error bar between them, as 
shown in Figure 6. The important point here is that if we estimate that there is a 
possible error of +Av in the measured value of v, then we mean that we are 
reasonably confident that the speed lies within the range v — Av to v + Av. It 
therefore follows that the (speed)? should lie within the range (v — Av)? to 
(v + Av)?, and so we use these values to determine the error bars. Note that even 
though the size of the errors in v are all the same, the errors in v? get larger as v 
gets larger. 


The presence of error bars on a graph serves a number of useful purposes. If the 
graph is one which we would expect to be a smooth curve then we would expect 
the results to be scattered around that curve by amounts ranging up to the size of 
the error bar. Should the results deviate from a smooth curve by much more than 
the error bars, as shown in Figure 7, then either we have underestimated the 
errors, or the assumption that a smooth curve should describe the results is not 
valid. On the other hand, if all of the results deviate from the expected curve by 
much less than the error bars, as in Figure 8, then we might well have over- 
estimated the likely errors. An alternative explanation in this latter case would be 
that the dominant contribution to the error bar was from a systematic error that 
would shift all results in the same direction by as much as the error bar. 


Error bars are also very helpful in identifying mistakes in measurements or plot- 
ting of points. For example, Figure 9 shows measurements of the amount of heat 
needed to raise the temperature of 1 kg of a rare metal known as gadolinium by 
1°C at various temperatures. All results lie on the broken line except for one, 
which deviates from the straight line by about three times the magnitude of the 
error bar. This immediately suggests a mistake. 


In cases like this, the plotting of the point on the graph should be checked first of 
all, and any calculations made to get the numbers plotted should be checked as 
well. If these don’t show up a mistake, then the measurements that gave rise to the 
suspect point should be repeated. In some cases, of course, repeating the measure- 
ments is just not possible, and one is left with the difficult decision about whether 
to ignore the point or not. No hard and fast rule can be made about this, but you 
should always be aware that what appears to be an anomalous measurement may 
indicate a real (and possibly as yet undiscovered) effect. 


In the case of gadolinium, more detailed measurements show that the real beha- 
viour is as shown by the solid line in Figure 10. By ignoring the apparently 
anomalous result, we would have overlooked a real anomaly (which is, in fact, 
caused by the magnetic properties of gadolinium). 


An important piece of advice follows from this: if at all possible, plot a 
graph while you are taking measurements. If you do this, you can 
immediately check for errors and investigate any anomalies that 


appear. Plotting as you go along also helps to ensure that the results 
are reasonably distributed on the graphs, and this usually means 
having them equally spaced. 


Straight-line graphs: errors in the gradient and intercept 
The gradient of the straight line graph drawn in Figure 11 is given by: 


change in vertical quantity 


dient bet t int the li 
Ce oe change in horizontal quantity apo comets eae ogee DE 
(93 — 36)m = 
=~ = 5.7 : 
(12 — 2)s E 


It is important to remember always to include the units when quoting the value of 
the slope. Remember also that the gradient of the line is constant, and does not 
depend on which pair of points on the line are used to calculate it. However, we 
can read off the coordinates of the points only with limited accuracy, and so, in 
practice, different pairs of points will produce slightly different values of the 
gradient. Note that the best practice is to choose two points that are as widely 
separated as possible, since then the errors in reading the coordinates will be a 
much smaller fraction of the difference between the coordinates than if the points 
were close together. 
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Figure 7 Have the error bars been 
underestimated? 


Figure 8 Have the error bars been 
overestimated ? 
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Figure 9 An apparently odd point when 
gadolinium is heated. 
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amount of heat 


temperature 
Figure 10 An anomaly in the specific 
heat of gadolinium, which could have 


been overlooked if one point was 
discarded. 
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Figure 11 How to measure the gradient of the ‘best’ straight line through the points. 


The straight line in Figure 11 is the one we think is best fitted to the results 
plotted. Some points above the line are balanced by other points below the line. 
However, the error bars indicate the uncertainty in the experimental results, and 
other lines with different gradient could be drawn to pass through all of the error 
bars. So in order to estimate the uncertainty in the gradient, we draw lines that 
pass through all of the error bars with the maximum and minimum possible 
gradients. These lines are shown in Figure 12, and their slopes are 6.2ms_ 1 and 
4.9ms~' respectively. These values differ from the gradient of the ‘best’ straight 
line by 0.5ms~* and 0.8ms~', an average difference of 0.7ms~!. We therefore 
quote the value of the gradient as (5.7 + 0.7)ms~!. 


The other quantity that is normally used to specify the position of a straight line 
on a graph is its intercept with the vertical axis. The equation of a straight line 
can always be written in the form: 


y=mx+c 


where mis the gradient of the line and c is the intercept with the y-axis—that is, the 
value of y when x = 0 (as can be seen from the equation). In the case of the results 
shown in Figure 11, the intercept is at y = 25 m and, since this is determined from 
the ‘best’ straight line, we regard it as the best estimate of the intercept. Note that 
again we must quote the appropriate units for the intercept. The maximum and 
minimum likely values of the intercepts are found by drawing other lines through 
the error bars, and in this case they are the intercepts of the lines with maximum 
and minimum slopes shown in Figure 12. These intercepts are 31m and 22m 
respectively, and the mean difference between these and the best intercept is 5m. 
We can, therefore, quote the experimentally determined intercept as (25 + 5)m. 


Having now determined both gradient and intercept and the possible errors in 
each, we can summarize the experimental results in F igure 11 very succinctly in 
the form of an equation, namely: 

s = (5.7 + 0.7)ms™! x t + (25 + 5)m. 
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Figure 12 How to estimate the uncertainty in the gradient. 
Self-diagnosis test answers 
Each answer is followed by a reference to the section of the 
booklet where the ideas and techniques of the question are 
discussed in greater detail. : 
‘best’ line 

Question 1 The systematic error is about +0.6ms ? and Mig * s ; 
the random error is +0.1ms~?. (Section 4). 10004 steepest consistent 2 o! 4 


Question 2 Crystal mass = 17.4 + 0.05 mg. (Section 4) 


Question 3 On just under 70 per cent of the days, there 
would be between 42 and 56 births. These values are found 
by subtracting and adding the square root of the mean 
number of births to the mean (i.e. 49 + 7). (Section 5) 


Question 4 (a)v=300+40ms ' 

(b) x = 0.09 + 0.03 m 

(c)a=50+7ms~ 

The methods by which errors are combined are discussed 
in Section 6. 


Question 5 Mo = 150 + 20 g. p = 0.86 + 0.04 g cm”. The 
required graph is plotted in Figure 13, and the values of 
Mo and p, together with their errors, are found from the line 
that goes most centrally through the points, together with 
the steepest and shallowest lines that are still consistent 
with the data. (Section 9) 
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